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Abstract
One of the most interesting constructions of nonassociative Moufang loops is the construction by
the first author of the loops M(G,2) [Trans. Amer. Math. Soc. 188 (1974) 31–51], in which the new
loop is constructed as a split extension of a nonabelian group G by a cyclic group of order 2. This
same construction will not produce non-Moufang Bol loops, even if we start with a Moufang loop
instead of a group. We generalize the construction to produce a large class of Bol loops as extensions
of B by Cm × Cn, where B can be any group or even any loop which satisfies the right Bol identity.
We determine conditions under which the newly constructed loops will be Moufang and when they
will be associative. We also find the nuclei, centrum, centre, and commutator/associator subloop of a
loop constructed by this method, and we investigate which known Bol loops of small orders arise in
this way.
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A (right) Bol loop is a loop which satisfies the (right) Bol identity (xy · z)y = x(yz ·y),
and a Moufang loop is a loop which satisfies any of three equivalent identities, one of which
is the right Moufang identity (xy · z)y = x(y · zy). Every Moufang loop is a Bol loop, but
not conversely. In fact, a Bol loop is Moufang if and only if it satisfies the left alternative
law, x · xy = x2y, or, equivalently, if and only if it satisfies the flexible law, xy · x = x · yx
[18, Theorem 2.7]. (Note: Both Bol and Moufang loops always satisfy the right alternative
law, xy2 = xy · y.) Named after Garrit Bol, Bol loops came into prominence with the
fundamental work of D.A. Robinson [18]. Today, they form an active area of research
from many points of view. We refer the reader to [2] or [16] for more information about
both Moufang and Bol loops.
There are many papers in the literature, among them [1,3,7,8,11–13,15,17,19–25,27]
that describe methods of constructing Bol loops. In some of these, the Bol loop is con-
structed as a central extension of a group. In this paper, we introduce a new construction
that produces a large number of Bol loops of order 8k as extensions of groups or loops of
order 2k.
Any group is a Moufang loop and, in some respects, Moufang loops in general are not
far removed from groups. They are, for example, diassociative (the subloop generated by
any two elements is always associative) and there are a number of constructions of Mo-
ufang loops which consist of “doubling” a group in various ways. (See, for example, [4],
[5], [9, §II.5] and [26].) In the latter paper, Vojte˘chovský claims that this construction can-
not result in a Bol loop which is not Moufang, but he corrects this claim in [27], where he
not only shows that indeed this construction can result in a Bol loop, but he also determines
exactly when a non-Moufang Bol loop will occur.
2. Main results
We begin with a preliminary construction.
Let m be a fixed positive integer, and, for every integer i, let i denote the least nonneg-
ative residue of i, modulo m.
Lemma 2.1. Let B be a loop, and let z be any fixed element in the centre of B , and let
m be a positive integer. Define an operation on the set G = B × Cm by [a, i][b, j ] =
[abzq, (i + j)], where
q = i + j − (i + j)

m
=
{0 if i + j < m,
1 otherwise.
Then G is a loop. Furthermore, G is Bol (respectively Moufang, respectively associative,
respectively commutative) if and only if B is Bol (respectively Moufang, respectively asso-
ciative, respectively commutative).
Proof. For [a, i] and [b, j ] in G, let k = (j − i) and let c = dz−q , where d is the unique
element of B such that ad = b, and where q = (i + k − (i + k))/m. Then [a, i][c, k] =
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of B such that ea = b, and f = ez−q , then [f, k][a, i] = [b, j ]. Thus, G is a quasigroup.
Clearly, (1,0) is an identity element, so G is a loop. Since B ∼= B = {[b,0] | b ∈ B} is a
subloop of G, B must be Bol (respectively Moufang, respectively associative) if G is.
Conversely, suppose that B is a Bol loop. (In the calculations which follow, it is helpful
to note that (r + s) = (r + s), for any integers r and s.)
Let [a, i], [b, j ] and [c, k] be three elements of G. Then
{[a, i][b, j ] · [c, k]}[b, j ] = {[abzq1 , (i + j)][c, k]}[b, j ]
= {[ab · czq1+q2 , (i + j + k)]}[b, j ]
= [{(ab · c)b}zq1+q2+q3 , (i + 2j + k)],
where q1, q2 and q3 are defined by i + j = q1m+ (i + j), i + j + k = (q1 + q2)m+ (i +
j + k), and i + 2j + k = (q1 + q2 + q3)m + (i + 2j + k). Similarly,
[a, i]{[b, j ][c, k] · [b, j ]}= [a, i]{[bczq4 , (j + k)][b, j ]}
= [a, i][(bc · b)zq4+q5 , (2j + k)]
= [a(bc · b)zq4+q5+q6 , (i + 2j + k)],
where q4, q5 and q6 are defined by j +k = q4m+(j +k), i+2j = (q4 +q5)m+(i+2j),
and i+2j +k = (q4 +q5 +q6)m+(i+2j +k). It follows that q1 +q2 +q3 = q4 +q5 +q6
and so the Bol identity holds in G.
Furthermore,
{[a, i][b, j ]}[a, i] = [abzq1 , (i + j)][a, i] = [(ab)azq1+q2 , (2i + j)],
and
[a, i]{[b, j ][a, i]}= [a, i][bazq1 , (j + i)]= [a(ba)zq1+q2 , (2i + j)],
where i+j = j + i = q1m+(i+j) and 2i+j = (q1 +q2)m+(2i+j). Thus, G satisfies
the flexible law {[a, i][b, j ]}[a, i] = [a, i]{[b, j ][a, i]} if and only if (ab)a = a(ba) holds
for all a, b in B , i.e., if and only if B satisfies the flexible law. But a Bol loop is Moufang
if and only if it satisfies the flexible law, so G is Moufang if and only if B is.
Also,
{[a, i][b, j ]}[c, k] = [abzq1 , (i + j)][c, k] = [(ab)czq1+q2 , (i + j + k)],
where, in a manner similar to that above, i + j + k = (q1 + q2)m + (i + j + k); and
[a, i]{[b, j ][c, k]}= [a, i][bczq3 , (j + k)]= [a(bc)zq3+q4 , (i + j + k)],
where i + j + k = (q3 + q4)m+ (i + j + k). Thus q3 + q4 = q1 + q2, and G is associative
if and only if B is.
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that [a, i] and [b, j ] commute if and only if a and b commute. Thus, G is commutative if
and only if B is. 
Remark 2.2. In a similar manner, it is not difficult to see that if B is any loop with central
element z, and 〈u〉 is any cyclic group whose order is either infinite or divisible by m,
then any associativity-like identity (such as the Bol identity, the Moufang identities or the
extra law, (xy · z)x = x(y · zx)) which holds in B also holds in the direct product B × 〈u〉,
and hence also in G = (B × 〈u〉)/N , where N is the cyclic subgroup generated by zu−m.
(Clearly N is a normal subloop, since it is central.)
We are now ready for the main construction.
Theorem 2.3. Let m and n be even positive integers, let B be a loop satisfying the right
Bol identity, and let r , s, t , z and w be (not necessarily distinct) elements in Z(B), the
centre of B , such that rm = rn = s2 = t2 = 1. Let L = B × Cm × Cn with multiplication
defined by
[a, i,π][b, j, ρ] = [abrjπ sijρtjπρzpwq, (i + j), (π + ρ)′],
where, for any integer i, i and i′ denote the least nonnegative residues of i modulo m
and n, respectively;
p = i + j − (i + j)

m
=
{
0 if i + j < m,
1 otherwise,
q = π + ρ − (π + ρ)
′
n
=
{0 if π + ρ < n,
1 otherwise.
Then L is a right Bol loop. Furthermore, L is Moufang if and only if B is Moufang and
s = t = 1; L is a group if and only if B is a group (and s = t = 1); and L is commutative
if and only if B is commutative and r = s = t = 1. We denote the loop constructed in this
manner by L(B,m,n, r, s, t, z,w).
Remark 2.4. Before we begin the proof, we explain the rationale for the multiplication
rule. We are thinking of the elements of our loop as being of the form (aui)vπ (hence the
notation [a, i,π]), where a ∈ B , u generates Cm and v generates Cn, and where um = z ∈
Z(B) and vn = w ∈ Z(B). Thus, for example, ui+j = zpu(i+j) , where i + j = pm +
(i + j). We use a mix of Roman and Greek characters to indicate the source from which
an exponent comes—Roman for the exponents of u, the second coordinate, and Greek for
the exponents of v, the third coordinate. The elements r , s and t represent commutators
and associators. Specifically, r represents the commutator of v and u, and the exponent
jπ indicates that we are considering the commutator of vπ and uj . Similarly, s and t ,
respectively, represent the associators (u,u, v) and (v,u, v), and the exponents ijρ on s
and jπρ on t indicate that we are associating (ui, uj , vρ) and (vπ ,uj , vρ), respectively.
(Remember that s2 = t2 = 1.)
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ilarly, e ≡ e (mod m) and e′ ≡ e (mod n). Therefore, since rm = rn = s2 = t2 = 1,
re
 = re, re′ = re , se = se and te′ = te. In other words, we may ignore the impact of
reducing modulo m and n in the second and third coordinates.
Proof. To see that L is a loop, let [a, i,π] and [b, j, ρ] be elements of L, let
k = (j − i), σ = (ρ − π)′, p = i + k − (i + k)

m
,
q = π + σ − (π + σ)
′
n
, c = dr−kπ s−ikσ t−kπσ z−pw−q,
where d is the unique element of B such that ad = b, and let
f = er−iσ s−ikπ t−iπσ z−pw−q,
where e is the unique element of B such that ea = b. Then
[a, i,π][c, k, σ ]
= [adr−kπ+kπ s−ikσ+ikσ t−kπσ+kπσ z−p+pw−q+q, (i + k), (π + σ)′]
= [b, j, ρ],
and, similarly, [f, k, σ ][a, i,π] = [b, j, ρ]. Thus, L is a quasigroup. Clearly, [1,0,0] is an
identity element, so L is a loop.
Before we check the right Bol identity, note that, since m and n are even and rm =
rn = s2 = t2 = 1, si = si and si′ = si , and similarly for r and t . Thus, we can drop
stars and primes from the exponents of r , s and t . Also, since (α + β) = (α + β), and
(α′ + β)′ = (α + β)′, we can often simplify the second and third coordinates as well.
Now, let x1 = [a, i,π], x2 = [b, j, ρ], x3 = [c, k, σ ]. Then, as defined above,
x1x2 =
[
abrjπ sijρtjπρzp1wq1, (i + j), (π + ρ)′],
where i + j = p1m + (i + j) and π + ρ = q1n + (π + ρ)′.
Then, using the simplifications noted above,
(x1x2)x3 =
[
(ab · c)rjπ+k(π+ρ)sijρ+(i+j)kσ tjπρ+k(π+ρ)σ zp1+p2wq1+q2 ,
(i + j + k), (π + ρ + σ)′],
wherei + j + k = (p1 + p2)m + (i + j + k)
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Continuing in this manner,
[
(x1x2)x3
]
x2 =
[{
(ab · c)b}rγ1sδ1 t	1zp1+p2+p3wq1+q2+q3 ,
(i + 2j + k), (π + 2ρ + σ)′],
where
i + 2j + k = (p1 + p2 + p3)m + (i + 2j + k),
π + 2ρ + σ = (q1 + q2 + q3)n + (i + 2j + k)′,
γ1 = jπ + kπ + kρ + j (π + ρ + σ) = 2jπ + jρ + jσ + kπ + kρ,
δ1 = ijρ + (i + j)kσ + (i + j + k)jρ = 2ijρ + ikσ + j2ρ + jkρ + jkσ,
and
	1 = jπρ + k(π + ρ)σ + j (π + ρ + σ)ρ = 2jπρ + jρ2 + jρσ + kπσ + kρσ.
Similarly, x2x3 = [bcrkρsjkσ tkρσ zp4wq4, (j + k), (ρ + σ)′] where j + k = p4m +
(j + k) and ρ + σ = q4n + (ρ + σ)′, and so
(x2x3)x2 =
[
(bc · b)rkρ+j (ρ+σ)sjkσ+(j+k)jρtkρσ+j (ρ+σ)ρ)zp4+p5wρ+σ ,
(2j + k), (2ρ + σ)′],
where 2j + k = (p4 + p5)m + (2j + k) and 2ρ + σ = (q4 + q5)n + (2ρ + σ)′.
Finally,
x1
[
(x2x3)x2
]= [a{bc · b}rγ2sδ2 t	2zp4+p5+p6wq4+q5+q6 ,
(i + 2j + k), (π + 2ρ + σ)′],
where i + 2j + k = (p4 + p5 + p6)m+ (i + 2j + k) (so p4 +p5 +p6 = p1 + p2 + p3),
π + 2ρ + σ = (q4 + q5 + q6)n + (π + 2ρ + σ)′ (so q4 + q5 + q6 = q1 + q2 + q3),
γ2 = kρ + j (ρ + σ) + (2j + k)π = 2jπ + jρ + jσ + kπ + kρ = γ1,
δ2 = jkσ + (j + k)jρ + i(2j + k)(2ρ + σ)
= 4ijρ + 2ijσ + 2ikρ + ikσ + j2ρ + jkρ + jkσ
= δ1 + 2ijρ + 2ijσ + 2ikρ,	2 = kρσ + j (ρ + σ)ρ + (2j + k)π(2ρ + σ)
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= 	1 + 2jπρ + 2jπσ + 2kπρ.
Since s2 = t2 = 1, sδ2 = sδ1 and t	2 = t	1 , the right Bol identity holds in L.
Since [a,1,0][b,0,1] = [ab,1,1] and [b,0,1][a,1,0] = [bar,1,1] a necessary con-
dition for L to be commutative is that B is commutative and r = 1. Also, since [1,
1,0][1,1,1] = [szp,2,1] and [1,1,1][1,1,0] = [rzp, s,1] and since [1,0,1][1,1,1] =
[rtwq,1,2′] and [1,1,1][1,0,1] = [wq,1,2′], it is also necessary that s = t = 1 in order
for L to be commutative.
If m = 2, then [1,1,0][1,1,0] · [1,0,1] = [z,0,1] and [1,1,0] · [1,1,0][1,0,1] =
[sz,0,1], while if m > 2 then [1,1,0][1,1,0] · [1,0,1] = [1,2,1] and [1,1,0] · [1,1,0] ·
[1,0,1] = [s,2,1], so that, in either case, a necessary condition for L to be left alternative
and hence Moufang is that s = 1.
Similarly, [1,0,1][1,1,0] · [1,0,1] = [rw,1,0] or [r,1,2], depending on whether or
not n = 2, and [1,0,1] · [1,1,0][1,0,1] = [rtw,1,0] or [rt,1,2], and so a necessary con-
dition for L to be flexible and hence Moufang is that t = 1.
Since B ⊆ L, it is also necessary that B be Moufang in order for L to be Moufang, and
that B be associative in order for L to be a group.
Now assume that s = t = 1. Then the multiplication rule becomes
[a, i,π][b, j, ρ] = [abrjπzpwq, (i + j), (π + ρ)′].
Since rm = rn = 1, as we saw in Remark 2.5,  and ′ can be ignored in the exponent
of r ; that is, ri = ri . We can therefore write the multiplication rule as
[a, i,π][b, j, ρ] = [abrjπ , i + j,π + ρ],
leaving collection of the exponents of u and v (i.e., the second and third coordinates) until
the end of any calculation.
If r = 1, then [a, i,π][b, j, ρ] = [ab, i + j,π + ρ] while [b, j, ρ][a, i,π] = [ba, i +
j,π + ρ]. Thus, L is commutative if B is.
For any r , let x1 = [a, i,π], x2 = [b, j, ρ], and x3 = [c, k, σ ]. Then x1x2 · x3 =
[(ab)rjπ , i+j,π +ρ][c, k, σ ] = [(ab ·c)rjπ+k(π+ρ), i+j +k,π +ρ+σ ] and x1 ·x2x3 =
[a, i,π][(bc)rkρ, j + k,ρ + σ ] = [(a · bc)rkρ+(j+k)π , i + j + k,π + ρ + σ ]. Thus, if B is
associative then so is L.
Furthermore, putting x1 = x2, we get x21x3 = [a2riπ ,2i,2π][b, k, σ ] = [(a2b)riπ+2kπ ,
2i + k,2π + σ ], and x1 · x1x3 = [a, i,π][(ab)rkπ , i + k,π + σ ] = [(a · ab)rkπ+(i+k)π ,
2i + k,2π + σ ] = x21x3. Thus, if the left alternative law holds in B , then it holds in L, and
so if B is a Moufang loop, then so is L. 
Remark 2.6. The reader may wonder whether the conditions rm = rn = s2 = t2 = 1 are
necessary. The answer is ‘yes’.
First, choose j such that 2j  m, and let x = [1,0,1] and y = [1, j,0]. Then
(xy)y = [([1,0,1][1, j,0])[1, j,0] = [rj , j,1][1, j,0] = [r2j z,2j − m,1] and x(yy) =
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be equal, we must have r2j = r2j−m, so rm = 1.
Next, let x = y = [1,1,0], z = [1,1,1]. Then
{
(xy)z
}
y = {([1,1,0][1,1,0])[1,1,1]}[1,1,0] = ([zp1 ,2,0][1,1,1])[1,1,0]
= [s2zp1+p2 ,3,1][1,1,0] = [rs2zp1+p2+p3 ,4,1]
and
x
{
(yz)y
}= [1,1,0]{([1,1,0][1,1,1])[1,1,0]}= [1,1,0]([szp1 ,2,1][1,1,0])
= [1,1,0][rszp1+p2 ,3,1]= [rs1+3zp1+p2+p3,4,1].
(Note that 2 + 1 ≡ 3 (mod m) so that (2 + 1) = 3, etc. Also note that the exponent of
z is the same in both cases.)
Thus, {(xy)z}y = x{(yz)y} if and only if s2 = s1+3 . If
m = 2 then 2 = 0, 3 = 1 and so s2 = 1,
m = 3 then 2 = 2, 3 = 0 and so s = 1,
m > 3 then 2 = 2, 3 = 3 and so s2 = s4.
In all cases, s2 = 1.
To see that rn = t2 = 1 is a bit more complicated, because the two conditions are related.
First, let x = y = [1,0,1] and z = [1,1,1], then
{
(xy)z
}
y = {([1,0,1][1,0,1])[1,1,1]}[1,0,1]
= ([wq1,0,2′][1,1,1])[1,0,1]
= [r2′ t2′wq2,1,3′][1,0,1]
= [r2′ t2′wq3 ,1,4′]
and
x
{
(yz)y
}= [1,0,1]{([1,0,1][1,1,1])[1,0,1]}
= [1,0,1]([rtwq1,1,2′][1,0,1])
= [1,0,1][rtwq2,1,3′]
= [r2t1+3′wq3,1,4′]
so that {(xy)z}y = x{(yz)y} if and only if r2′ t2′ = r2t1+3′ .
If n 	= 2, then r2′ = r2, and the condition becomes t2 = t1+3′ , which gives t2 = t if
n = 3 and t2 = t4 otherwise. In either case, we get t2 = 1.
If n = 2, then the condition becomes 1 = r2t2. If m is also equal to 2, then r2 = rm = 1,as we saw above, and so rn = r2 = t2 = 1.
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Let x = [1,0,1], y = [1,1,0], z = [1,0, n − 1]. Then
{
(xy)z
}
y = {([1,0,1][1,1,0])[1,0, n − 1]}[1,1,0]
= ([r,1,1][1,0, n − 1])[1,1,0]
= [rw,1,0][1,1,0]
= [rwzp,2,0]
and
x
{
(yz)y
}= [1,0,1]{([1,1,0][1,0, n − 1])[1,1,0]}
= [1,0,1]([1,1, n − 1][1,1,0])
= [1,0,1][rn−1zp,2, n − 1]
= [rn−1+2 t2(n−1)zpw,2,0],
so r = rn−1+2 t2(n−1), or, equivalently, rn−2+2 t2(n−1) = 1.
If m = 2, then rn−2 = 1. But r2 = rm = 1, so rn = 1. If m 	= 2, then 2 = 2 and so
rn = t2n−2. In this case, if n 	= 2, then t2 = 1, so t2n−2 = 1 and so rn = 1.
This leaves only the case n = 2, m > 2 to resolve. In this case, we have r2t2 = 1.
In this case, let x = [1,0, n − 1] and y = [1,1,1]. Then
(xy)y = ([1,0, n − 1][1,1,1])[1,1,1]
= [rn−1tn−1w,1,0][1,1,1]
= [rn−1stn−1zpw,2,1]
and
x(yy) = [1,0, n − 1]([1,1,1][1,1,1])
= [1,0, n − 1][rstzpwq,2,2′]
= [r1+2(n−1)st1+22′(n−1)zpw,2,1].
Thus, rn−1tn−1 = r1+2(n−1)t1+22′(n−1). But n = 2, so 2′ = 0; and m 	= 2, so 2 = 2. The
equation reduces to rt = r1+2t , so rn = r2 = 1, and hence t2 = 1 as well.
3. Properties of the constructed loops
We now investigate some properties of the loop L = L(B,m,n, r, s, t) constructed in
Theorem 2.3.
Since r , s and t are in Z(B) and rm = rn = s2 = t2 = 1, and since m and n are even, it
is easily seen that
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p =
{
0 if i = 0,
−1 otherwise, and q =
{0 if π = 0,
−1 otherwise.
In the recent literature (see [12] and many of the references in its bibliography), there
has been much interest in Bol loops that satisfy the automorphic inverse property—i.e.,
such that (xy)−1 = x−1y−1 for all elements x and y in the loop. Such loops have been
called by several different names—Bruck loops, K-loops, gyrogroups.
Again using the fact that m and n are even and that rm = rn = s2 = t2 = 1, we see that
for [a, i,π], [b, j, ρ] in L,
[a, i,π]−1[b, j, ρ]−1
= [a−1(rst)iπ zp1wq1, (−i), (−π)′][b−1(rst)jρzp2wq2, (−j), (−ρ)′]
= [a−1b−1(rst)iπ+jρrjπ sijρtjπρzp1+p2+p3wq1+q2+q3 , (−i − j), (−π − ρ)′],
where
p1 =
{
0 if i = 0,
−1 otherwise, q1 =
{
0 if π = 0,
−1 otherwise,
p2 =
{
0 if j = 0,
−1 otherwise, q2 =
{
0 if π = 0,
−1 otherwise,
p3 =
{
0 if (−i) + (−j) < m,
1 otherwise, and q3 =
{0 if (−π)′ + (−ρ)′ < n,
1 otherwise.
Similarly,
{[a, i,π][b, j, ρ]}−1
= [abrjπ sijρtjπρzp4wq4, (i + j), (π + ρ)′]−1
= [(ab)−1(rst)(i+j)(π+ρ)r−jπ sijρtjπρzp5−p4wq5−q4, (−i − j), (−π − ρ)′],
where
p4 =
{
0 if i + j < m,
1 otherwise, q4 =
{
0 if π + ρ < n,
1 otherwise,
p5 =
{
0 if (i + j) = 0,
−1 otherwise, and q5 =
{
0 if (π + ρ)′ = 0,
−1 otherwise.
Thus, [a, i,π]−1[b, j, ρ]−1 = {[a, i,π][b, j, ρ]}−1 if and only if
a−1b−1(rst)iπ+jρrjπ sijρtjπρzp1+p2+p3wq1+q2+q3= (ab)−1(rst)(i+j)(π+ρ)r−jπ sijρtjπρzp5−p4wq5−q4 .
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a−1b−1 = (ab)−1 for all a and b in B . Canceling these terms as well as sijρtjπρ from both
sides of the equation and then simplifying, we must also have
riρ−jπ (st)iρ+jπ zp5−p1−p2−p3−p4wq5−q1−q2−q3−q4 = 1,
for all i, j , π , ρ.
We claim that the exponent of z is always 0.
To see this, consider several cases:
1. If i = j = 0, then p1 = p2 = p3 = p4 = p5 = 0, and the claim is clearly true.
2. If i = 0, but j 	= 0, then p1 = p3 = p4 = 0, and p2 = p5 = −1, and so again the claim
is true. The case j = 0, i 	= 0 is analogous.
3. If i 	= 0, j 	= 0, then p1 = p2 = −1, and (−i) = m − i and (−j) = m − j , so that
(−i) + (−j) = 2m − (i + j).
(a) If i + j = m, then p3 = p4 = 1 and p5 = 0.
(b) If i + j < m, then p3 = 1, p4 = 0 and p5 = −1.
(c) If i + j > m, then p3 = 0, p5 = 1 and p5 = −1.
In all cases the claim holds.
In a similar manner, we see that the exponent of w is always 0.
Thus, [a, i,π]−1[b, j, ρ]−1 = [a, i,π][b, j, ρ]−1 for all [a, i,π] and all [b, j, ρ] in L
if and only if a−1b−1 = (ab)−1 for all a and b in B and riρ−jπ (st)iρ+jπ = 1 for all i, j ,
π , ρ.
Taking j = π = 0 and i = ρ = 1, we must have rst = 1. Taking i = ρ = 0 and j =
π = 1, we get r−1st = 1. Combining this with rst = 1, we get r2 = 1. Conversely, if
r2 = rst = 1, then riρ−jπ (st)iρ+jπ = r−2jπ (rst)iρ+jπ = 1 for all i, j , π , ρ. We have thus
shown that
(2) The loop L is a Bruck loop if and only if B is a Bruck loop and r2 = rst = 1.
Let B = {[b,0,0] | b ∈ B}. When we multiply two elements of B , the exponents of r , s,
t , z and w will all be zero; thus, B is clearly isomorphic to B . Let [a, i,π] and [c, k, σ ] be
any elements in L. Using (1) and the fact that arithmetic in the second and third coordinates
of a product is simply arithmetic modulo m and n respectively, it is not hard to see that the
second and third coordinates of [a, i,π]−1{[b,0,0][a, i,π]} will both be 0. The same is
true about the second and third coordinates of
{{[b,0,0][a, i,π]}[c, k, σ ]}{[a, i,π][c, k, σ ]}−1
and
{[c, k, σ ][a, i,π]}−1{[c, k, σ ]{[a, i,π][b,0,0]}}.
Thus, all three of these products are in B . These being of the form bT (x), bR(x, y) and
bL(x, y) respectively (T (x),R(x, y),L(x, y) the standard inner maps on a loop), we have
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Remark 3.1. We will treat the elements of B and of B as interchangeable. Thus, for ex-
ample, we may write b ∈Z(L), when, technically, what we mean is that [b,0,0] ∈Z(L).
Now let G = {[b, i,0] | b ∈ B, i ∈ Cm}, and let G be the group constructed in
Lemma 2.1. Then, in a manner similar to the proof of (3), we get
(4) G ∼= G L.
(5) [a, i,π]2 = [a2riπ siπ t iπ zpwq, (2i), (2π)′], where 2i = mp + (2i) and 2π = nq +
(2π)′. If m = n = 2, then L2 ⊆ 〈B2, r, s, t, z,w〉 ⊆ 〈B2,Z(B)〉, where L2 and B2
denote the set of squares in L and in B , respectively.
Since
[a, i,π][b, j, ρ] = [abrjπ sijρtjπρzpwq, (i + j), (π + ρ)′]
and
[b, j, ρ][a, i,π] = [bariρsijπ t iπρzpwq, (i + j), (π + ρ)′].
(6) The commutator
([a, i,π], [b, j, ρ])= (a, b)rjπ−iρsij (π+ρ)t (i+j)πρ ∈ 〈r, s, t,Comm(B)〉,
where Comm(B) denotes the commutator subloop of B . (Note the use of Remark 3.1.)
Since
([1,0,1], [1,1,0])= r, ([1,1,0], [1,1,1])= rs, ([1,1,1], [1,0,1])= rt.
(7) The commutator subloop, Comm(L), of L is 〈r, s, t,Comm(B)〉.
Now [a, i,π] commutes with [b, j, ρ] if and only if
(a, b)rjπ−iρsij (π+ρ)t (i+j)πρ = 1.
In particular, [a, i,π] commutes with [1,0,1] if and only if ri t iπ = 1; it commutes
with [1,1,0] if and only if rπ siπ = 1; and it commutes with [1,1,1] if and only if
ri+πsiπ+i t iπ+π = 1. These conditions together imply si tπ = 1. Also, [a, i,π] commutes
with [b,0,0] if and only if a commutes with b. Conversely, if ri t iπ = 1, rπ siπ = 1 and
si tπ = 1, then rjπ+iρsij (π+ρ)t (i+j)πρ = (ri t iπ )ρ(rπ siπ )j (si tπ )jρ = 1, so that if a com-
mutes with b, then [a, i,π] commutes with [b, j, ρ].
Thus, [a, i,π] ∈ C(L), the centrum of L, if and only if a ∈ C(B), ri t iπ = 1, rπ siπ = 1
and si tπ = 1. From the last condition, we have si = tπ so that the first condition becomes
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Thus,
(8) C(L) = {[a, i,π] | a ∈ C(B) and ri = si = tπ = rπ }.
Since s2 = t2 = 1, si = 1 if and only if s = 1 or i is even, and tπ = 1 if and only if
t = 1 or π is even. But it is difficult to say much about when ri = rπ = 1, since the only
assumption we have made about |r| is that it divides m and n.
If we suppose that r2 = 1, then ri = rπ = 1 if and only if r = 1 or both i and π are
even. In this case, we can describe C(L) further.
Suppose that ri = si = tπ = rπ = 1. Then, as noted above, if s 	= 1, i must be even; if
t 	= 1, then π must be even; and if r 	= 1, then both i and π must be even.
On the other hand, if ri = si = tπ = rπ 	= 1, then i and π must both be odd and r =
s = t .
In other words,
(8′) If r2 = s2 = t2 = 1, then
C(L) =


{[a, i,π] | a ∈ C(B)} if r = s = t = 1,
{[a, i,π] | a ∈ C(B), π even} if r = s = 1, t 	= 1,
{[a, i,π] | a ∈ C(B), i even} if r = t = 1, s 	= 1,
{[a, i,π] | a ∈ C(B), i ≡ π ≡ 1 (mod 2)} if r = s = t 	= 1,
{[a, i,π] | a ∈ C(B), i ≡ π ≡ 0 (mod 2)} otherwise.
Since
{[a, i,π][b, j, ρ]}[c, k, σ ]
= [(ab · c)rjπ+k(π+ρ)sijρ+(i+j)kσ tjπρ+k(π+ρ)σ zp1wq1,
(i + j + k), (π + ρ + σ)′]
and
[a, i,π]{[b, j, ρ][c, k, σ ]}
= [a, i,π][bcrkρsjkσ tkρσ zp2wq2 , (j + k), (ρ + σ)′]
= [(a · bc)rkρ+(j+k)π sjkσ+i(j+k)(ρ+σ)tkρσ+(j+k)π(ρ+σ)zp2+p3wq2+q3 ,
(i + j + k), (π + ρ + σ)′],
where, in a manner similar to that in the proof of Theorem 2.3, p2 + p3 = p1 and
q2 + q3 = q1, we find that
(9) The associator ([a, i,π], [b, j, ρ], [c, k, σ ]) = (a, b, c)sijσ+ikρ tjπσ+kπρ ∈ 〈s, t,
Ass(B)〉 ⊆ 〈Z(B),Ass(B)〉, where Ass(B) denotes the associator subloop of B .
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(10) Ass(L) = 〈s, t,Ass(B)〉.
Combining with (7), we find that the commutator/associator subloop of L is
(11) L′ = 〈r, s, t,B ′〉.
Setting j = k = σ = 1 and ρ = 0, (9) becomes (a, b, c)si tπ . Thus, a necessary
condition for [a, i,π] to be in the left nucleus of L is that a be in the left nucleus
of B and si tπ = 1. But these are also sufficient since they imply sijσ+ikρ tjπσ+kπρ =
(si)jσ+kρ(tπ )jσ+kρ = 1.
Similarly, setting π = 0, we find that a necessary condition for [b, j, ρ] to be in the
middle nucleus of L is that b be in the middle nucleus of B and sijσ+ikρ = 1 for all i, k
and σ . Now i = σ = 1, k = 0 gives sj = 1, and i = k = 1, σ = 0 gives sρ = 1. Thus, either
s = 1, or j and ρ are each even.
In a similar manner, setting i = 0 yields tjπσ+kπρ = 1 for all k, π and σ . Selecting
k = 0, π = σ = 1 gives tj = 1; and selecting σ = 0, k = π = 1 gives tρ = 1. Thus, either
t = 1 or, again, j and ρ are each even.
Combining these observations, we see that a necessary condition for [b, j, ρ] to be in
the middle nucleus of L is that b is in the middle nucleus of B and either s = t = 1 or j and
ρ are each even. It is easily seen that these conditions are also sufficient, since, in either
case, the s and t terms in the associator disappear.
A similar analysis of the right nucleus of L is not necessary since the right and middle
nuclei of a (right) Bol loop coincide.
Since the nucleus of a loop is the intersection of the three nuclei, we have
(12) N(L) =
{ {[a, i,π] | a ∈ N(B)} if s = t = 1,
{[a, i,π] | a ∈ N(B), i,π even} otherwise.
Since Z(L) = N(L) ∩ C(L), we also have
(13) Z(L) =
{ {[a, i,π] | a ∈Z(B), ri = rπ = 1} if s = t = 1,
{[a, i,π] | a ∈Z(B), ri = rπ = 1, i, π even} otherwise.
If r2 = 1, we get
(13′) Z(L) =
{ {[a, i,π] | a ∈Z(B)} if r = s = t = 1,
{[a, i,π] | a ∈Z(B), i,π even} otherwise.
In particular, if r2 = 1, then u2 = [1,1,0]2 ∈Z(L) and v2 = [1,0,1]2 ∈Z(L). In fact,
if B2 ⊆Z(B) then L2 ⊆Z(L).
There are several questions concerning the nucleus of a loop that are of interest. One is
whether or not the nucleus of the loop is trivial. From (12), it is clear thatN(L) = {1} if and only if N(B) = {1}, s and t are not both 1 and m = n = 2.
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here have trivial nucleus.
A second question of interest is whether the nucleus and the centre are equal. From (12)
and (13) we obtain
(14) N(L) =Z(L) if and only if N(B) =Z(B) and either r = s = t = 1 or else r2 = 1 if
s and t are not both 1.
Yet a third important question concerning N(L) is whether or not it is normal in L.
The nucleus of a Moufang loop is always normal, and, for many years, it was an
open question as to whether this must be true for Bol loops as well. This was set-
tled in the negative by D.A. and K.H. Robinson [23]. For our loops, if x = [a, i,π],
y = [b, j, ρ] and z = [c, k, σ ], y−1(xy) is of the form [b−1(ab)rαsβ tγ zpwq, i,π],
{(xy)z}(yz)−1 is of the form [{(ab)c}(bc)−1rαsβ tγ zpwq, i,π], and (zy)−1{z(yx)} is
of the form [(cb)−1{c(ba)}rαsβ tγ zpwq, i,π]. But {r, s, t, z,w} ⊆ Z(B) ⊆ N(B), so
y−1(xy) ∈ N(L), {(xy)z}(zy)−1 ∈ N(L) and (zy)−1{z(yx)} ∈ N(L) if and only if
b−1(ab) ∈ N(B), {(ab)c}(bc)−1 ∈ N(B), [(cb)−1{c(ba)} ∈ N(B), and i and π are even
(i = π = 0 if s = t = 1). In other words,
(15) N(L) L if and only if N(B) B .
Returning to the case r2 = 1, let µ :B → B/Z(B) be the natural map. Define φ :L →
[B/Z(B)] × C2 × C2 by φ([a, i,π]) = [µ(a), i#,π#], where # denotes the least nonneg-
ative residue modulo 2. Since r , s, t , z and w are all in Z(B), it is easily seen that φ is a
surjective homomorphism whose kernel is Z(L). Thus, in this case,
(16) L/Z(L) ∼= [B/Z(B)] × C2 × C2.
4. Special cases
Throughout this section L = L(B,m,n, r, s, t, z,w), where r2 = s2 = t2 = 1. We in-
vestigate special cases which arise by placing various restrictions on B .
Suppose that squares of elements of B are in C(B). By (5) and (8′), squares of ele-
ments in L are in C(L). Further, if squares of elements of B are central in B , then, by
(5) and (13′), squares of elements of L are central in L as well. In particular, if B has a
unique nontrivial commutator/associator, then squares are central in B [6], and hence they
are central in L. But L need not have a unique commutator/associator. As we saw in (6)
and (9), r , s and t are in L′ as well. Suppose that the unique commutator/associator in B
is e. Then by selecting s = t = e, e is the unique nontrivial associator in L as well, but
e, r and er are commutators in L. If we also select r = e, then e is the unique nontrivial
commutator/associator in L as well. Even if B does not have a unique nontrivial commu-
tator/associator, if all commutators and associators in B are in Z(B), then, by (6) and (9),
all commutators and associators in L are central in L, in fact, they lie in Z(B), which by
(13′) is a subset of Z(L).
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only if s = t = 1. If L is Moufang, then we have constructed a Moufang loop which is a
split extension of the Moufang loop B by Cm × Cn; but L will not be a direct product of
these subloops unless z = w = r = 1. Also, if G = 〈B,u〉 ∼= {[b, i,0] | b ∈ B, i ∈ Cm}, then
by Lemma 2.1, G is a Moufang loop, and L is an extension of G by Cn (again not a direct
product unless r = w = 1). If L is not Moufang, then we have constructed a non-Moufang
Bol loop as a cyclic extension of a Moufang loop G. In particular, if n = 2, then we have a
non-Moufang Bol loop with a Moufang subloop of index 2.
This discussion suggests a method of constructing Bol loops as extensions of certain
Moufang loops:
Corollary 4.1. Let G be a Moufang loop which contains a normal subloop B such that
G/B ∼= Cm for some even integer m, and such that B contains at least one nontrivial
central element, s, of order 2. Suppose that we can select a central element u ∈ G so that
Bu generates G/B . (Then, every element of g ∈ G has a unique representation in the form
g = bui where 0  i < m.) Then, for any even integer n and any choice of r , t and w in
Z(B), with r2 = t2 = 1, let L = G × Cn, with multiplication defined by
[(
aui
)
vπ
][(
buj
)
vρ
]= [abui+j rjπ sijρtjπρwq, (π + ρ)′].
Then L is a Bol loop which is not Moufang, G ∼= G = {[g,0] | g ∈ G} is a normal, Moufang
subloop of L, and L/G ∼= Cn.
Example 4.2. Let G be the Moufang loop which is denoted in [5] as M32(Ei,6) and in [10]
as 32/21. In the notation of the latter, G contains a subloop B = {1,2,3,4,5,6,7,8,9,10,
11,12,13,14,15,16} ∼= M16(C2 ×C4,Q) (16/5 in the notation of [10]) and a central ele-
ment u = 17 such that G = 〈B,u〉. Here u2 = 3 ∈Z(B) = {1,3} and G is indecomposable.
Then, by Corollary 4.1, with s = 3, for each even integer n and each choice of r , t and w
in {1,3}, we get a nonassociative, non-Moufang Bol loop of order 32n. In particular, if
n = 2 we get non-Moufang Bol loops of order 64 having a nonassociative Moufang loop
as a subloop of index 2.
Example 4.3. Taking B to be any nonassociative Moufang loop of order 16 (all five of
which have centres of order 2, say Z(B) = {1, e}), and setting s = t = 1 and z = w = e,
then for even integers m and n and each choice of r ∈ {1, e}, we get a nonassociative
Moufang loop L of order 16mn.
Returning to our consideration of special cases for B , suppose now that B is a group.
Then, by Lemma 2.1, G = 〈B,u〉 ∼= G = {[b, i,0] | b ∈ B, i ∈ Cm} is also a group, and the
Bol loop L is an extension of G by Cn. If s = t = 1, then, by Theorem 2.3, L is, in fact, a
Moufang loop.
Finally, even if B is an abelian group, we still get a nonassociative, in fact, non-Moufang
loop L as long as s and t are not both 1.
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We first observe that the construction of Theorem 2.3 produces all six Bol loops of
order 8. Note that |L| = mn|B|, so that if we want to produce a Bol loop of order 8, then
we must have m = n = |B| = 2.
Let B = C2 = 〈a〉. We have two choices each for r , s, t , z and w. Of course, some of
these (eight to be exact) are groups (i.e., if s = t = 1), and some of the remaining 24 will
be isomorphic to each other.
We consider the following six cases:
• L1 = L(C2,2,2, a, a, a, a, a),
• L2 = L(C2,2,2, a, a,1, a,1),
• L3 = L(C2,2,2, a, a,1, a, a),
• L4 = L(C2,2,2, a, a, a, a,1),
• L5 = L(C2,2,2, a, a, a,1,1),
• L6 = L(C2,2,2, a, a,1,1,1).
Since s = a 	= 1 in each case, none of these loops is associative. Also, in no case does
r = s = t = 1 hold, so, by (12) and (13′), N(L) = Z(L) ∼= C2 in each case. However, by
the paragraph following (9), the left nucleus can be larger. In particular, in L1, L4 and L5,
r = s = t = a, so the left nucleus is {[b, i,π] | i ≡ π (mod 2)}; and, in L2, L3 and L6,
t = 1, so the left nucleus is {[b, i,π] | i ≡ 0 (mod 2)}. Using (5), we see that [b, i,π]2
does not depend on b, so we consider the following table:
Loop [b,0,0]2 [b,0,1]2 [b,1,0]2 [b,1,1]2
L1 [1,0,0] [a,0,0] [a,0,0] [a,0,0]
L2 [1,0,0] [1,0,0] [a,0,0] [a,0,0]
L3 [1,0,0] [a,0,0] [a,0,0] [1,0,0]
L4 [1,0,0] [1,0,0] [a,0,0] [1,0,0]
L5 [1,0,0] [1,0,0] [1,0,0] [a,0,0]
L6 [1,0,0] [1,0,0] [1,0,0] [1,0,0]
Thus, L1 has 6 elements of order 4, L2 and L3 each has 4 elements of order 4, L4 and
L5 each has 2 elements of order 4, and L6 has no elements of order 4. So all of these loops
are distinct with the possible exceptions of L2 and L3 or of L4 and L5. The left nucleus
of L3 contains the element [0,0,1] which is of order 4, whereas all elements in the left
nucleus of L2 square to 1, so L2 and L3 are not isomorphic. Similarly, the left nucleus of
L5 contains the element [0,1,1], which is of order 4, whereas every element in the left
nucleus of L4 squares to 1, so L4 and L5 are not isomorphic. Thus, all six of the loops are
distinct and so they are the six nonassociative Bol loops of order 8.
The next possible order of Bol loop constructed by Theorem 2.3 is 16. This could occur
with B = C2, m = 2 and n = 4, with B = C2, m = 4 and n = 2, with B = C4 and m = n =
2 or with B = C2 × C2 and m = n = 2. We consider these four cases separately.
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want s = t = 1, we get 16 loops when m = 4 and n = 2, and another 16 when m = 2 and
n = 4.
If B = C4, since we want rm = rn = s2 = t2 = 1, there are two possible choices each
for r , s and t . But there are four possible choices for z and w. Again eliminating the cases
in which s = t = 1, we get 6 · 4 · 4 = 144 possible nonassociative Bol loops.
If B = C2 × C2, then we get four possible choices each for r , s, t , z and w. Again
eliminating the cases in which s = t = 1, we get 15 · 4 · 4 · 4 = 960 possible nonassociative
Bol loops.
Thus, our construction could possibly produce 1136 different nonassociative Bol loops
of order 16. Of course, some of these might be isomorphic to each other, but, even if they
are all distinct, this does not account for the 2038 nonassociative Bol loops of order 16
which Eric Moorhouse lists on his web site [14].
What about Bol loops of order 24? According to Moorhouse, there are at least 87 such
loops that are not associative. With our construction, B must be C6 (since neither C3 nor
S3 contains central elements of order 2). Therefore, m = n = 2. There are two choices each
for r , s and t , six of these without s = t = 1. There are six choices each for z and w, so the
construction produces 216 nonassociative Bol loops. We do not currently know how many
of these are nonisomorphic or whether any of these loops is not among those determined
by Moorhouse.
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Lemma 6.1. Let (B, ·) be a loop, and let (A,+) be an abelian group, and let f :A×A →
Z(B) satisfy f (0, u) = f (u,0) = 1. On L = B×A, define multiplication by (x,u)(y, v) =
(xy · f (u, v), u + v).
Then L is a loop, and B ∼= B × {0}L.
It is not hard to see that
• L is Bol if and only if B is Bol and f (u, v)f (u + v,w)f (u + v + w,v) = f (u,2v +
w)f (v + w,v)f (v,w) holds for all u, v, w in A;
• L is Moufang if and only if B is Moufang and f (u, v)f (u + v,w)f (u + v + w,u) =
f (w,v)f (v, v + w)f (u,2v + w) holds for all u, v, w in A;
• L is associative if and only if B is associative and f (u, v)f (u + v,w) = f (v,w) ×
f (u, v + w) holds for all u, v, w in A;
• L is a Bruck loop if and only if L is Bol, B is Bruck and f (−u,−v)f (u+v,−u−v) =
f (u,−u)f (v,−v)f (u, v) holds for all u, v, w in A.
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subloop, etc., in terms of the corresponding structure for B and identities involving f .
Using the notation of Lemma 2.1, that lemma fits into the framework of Lemma 6.1
by letting A = Cm and choosing f (i, j) = zq . Similarly, in the notation of Theo-
rem 2.3, the theorem fits into the framework of Lemma 6.1 by choosing f (i,π, j, ρ) =
rjπ sijρtjπρzpwq .
7. A final remark
The reader may be wondering why the title of the paper specifies that the construction
produces only Bol loops of order 8k. The answer is clear when one realizes that, throughout
the paper we have assumed that m and n are even and that B contains a central element of
order 2. But the question remains as to whether or not these assumptions are really needed.
Surely, we have, in many places, used the assumption that m and n are even—in particular
when we asserted that we may disregard ’s and primes in the exponents of s and t . But,
again, one might ask whether we could dispense with the assumption, at the possible cost
of yet more computationally intensive proofs.
In some sense, the answer is no. That is, we can show that if m is odd, then s must be 1,
and that if n is odd, then t must be 1. Thus, if both m and n are odd, then s = t = 1.
Similarly, if B is of odd order, then, clearly, s = t = 1.
But then, in order to get a non-Moufang Bol loop, we must start with a non-Moufang
Bol loop. This is a much less satisfying and less interesting situation. We will leave a fuller
discussion of the case in which m and/or n is odd for another paper.
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